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Under investigation is a heterogeneous material consisting of an elastic homogeneous isotropic matrix in which layered
elastic isotropic inclusions or pores are embedded. The generalized self-consistent model (GSCM) is extended so as to be
capable of estimating the apparent elastic properties of a ﬁnite-size specimen smaller than a representative volume element
(RVE). The kinematical or static apparent shear modulus is determined as a root of a cubic polynomial equation instead of
a quadratic polynomial equation as in the classical GSCM of Christensen and Lo [Christensen, R.M., Lo, K.H., 1979.
Solutions for eﬀective shear properties in three phase sphere and cylinder models. J. Mech. Phys. Solids 27, 315–330].
It turns out that the extended GSCM establishes a link between the composite sphere assemblage model (CSAM) of
Hashin [Hashin, Z., 1962. The elastic moduli of heterogeneous materials. J. Appl. Mech. 29, 143–150] and the classical
GSCM. Demanding that the normalized distance between the kinematical and static apparent moduli of a ﬁnite-size spec-
imen be smaller than a certain tolerance, the minimum RVE size is estimated in a closed form.
 2006 Elsevier Ltd. All rights reserved.
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Continuum mechanics determination of the overall mechanical properties of a specimen made of a heter-
ogeneous material rests ultimately on measured mean surface loads and displacements on its surface. Theoret-
ically speaking, if a specimen has the feature that its surface response to any (kinematical, static or mixed)
uniform boundary conditions is uniform, the specimen can be considered as a representative volume element
(RVE) of the material forming the specimen and its overall mechanical properties can be taken as the eﬀective
(or macroscopic) ones of the material constituting it. When a specimen is devoid of the just speciﬁed feature, it0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
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macroscopic characteristics of the constituent material. Indeed, the overall mechanical properties in the latter
case depend both on the type of applied boundary conditions and the size of the specimen.
It is of primary importance to know whether a given specimen is an RVE for a heterogeneous material and
what is the minimum RVE size for it. For the last 15 years, this problem has been studied in light of the devel-
opment of micromechanics and mainly with respect to linear heterogeneous materials. At the beginning of the
1990s, Huet (1990) proposed a variational approach to exploit experimental results obtained from specimens
smaller than an RVE. Partitioning an RVE into smaller elements and introducing the notions of kinematical
and static apparent stiﬀness and compliance tensors relative to the uniform strain and traction boundary con-
ditions, Huet (1990) applied the classical minimum potential and complementary energy principles of linear
elasticity to establish hierarchical bounds for the eﬀective stiﬀness and compliance tensors. Huet’s approach
has been further developed by his co-workers and others in relation to linear materials (see, e.g., Sab, 1992;
Hazanov and Huet, 1994; Hazanov and Amieur, 1995; Balendrana and Nemat-Nasser, 1995; Ostoja-Starzew-
ski, 1996, 1998, 1999; Zohdi et al., 1996; Nemat-Nasser and Hori, 1999), and has been also extended to some
nonlinear materials (Hazanov, 1999a,b; Nemat-Nasser and Hori, 1999; He, 2001; Jiang et al., 2001). The
notions of kinematical and static apparent stiﬀness and compliance tensors are particularly relevant to the
problem of determination of the minimum RVE size. Indeed, the normalized distance between kinematical
and static apparent stiﬀness (or compliance) tensors of a specimen made of a linearly elastic heterogeneous
material behaves as a suitable measure for its closeness to an RVE (see, e.g., Nemat-Nasser and Hori,
1999). On the basis of these concepts or some similar ones, numerical studies have been recently accomplished
to quantitatively determine size eﬀects and deﬁne the minimum RVE size (see, e.g., Gusev, 1997; Pecullan
et al., 1999; Kanit et al., 2003; Sab and Nedjar, 2005). At the same time, Ren and Zheng (2002, 2004) have
introduced an alternative deﬁnition of minimum RVE size by using average windows and examining the con-
vergence of kinematical or static apparent elastic tensors as average window sizes increase. In addition, Dru-
gan and Willis (1996) and Drugan (2000) have investigated the minimum RVE size problem in an involved
way, by applying the results that they had derived for non-local elastic constitutive relations.
The present work is concerned with an isotropic composite material consisting of an elastic homogeneous
isotropic matrix in which layered elastic isotropic inclusions or pores are embedded. Aiming to ﬁnd a simple
closed-form estimate for the minimum RVE size of such a heterogeneous material, we are ﬁrst led to extend the
generalized self-consistent model (GSCM) so as to be applicable to a ﬁnite-size specimen.
GSCM was initiated by Kerner (1956), completed by Christensen and Lo (1979), and extended by Herve´
and Zaoui (1993) to the case of multiply layered inclusions. Since the specimen involved in GSCM is of inﬁnite
size, the elastic moduli j* and l* calculated by GSCM are independent of imposed boundary conditions. To
make the eﬀects of size and boundary conditions appear and to be able to analytically estimate them, in this
paper we construct a modiﬁed GSCM in three steps as follows (Fig. 1).Fig. 1. Construction of the modiﬁed GSCM.
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pic material with the as-yet-unknown apparent bulk and shear moduli j(1) and l(1), and subject the speci-
men to kinematically or statically uniform boundary conditions.
• Step 2. We cut a sphere of radius Rn (<Rn+1) with the center coinciding with that of the specimen, substitute
back a composite sphere formed of a spherical inclusion (or layered inclusion) of radius Rn1 coated by a
matrix shell of outer radius Rn with (Rn1/Rn)
3 equal to the inclusion (or layered inclusion) volume fraction,
and let the whole specimen undergo the same kinematically or statically uniform boundary conditions as in
step 1.
• Step 3. We determine j(1) and l(1) by requiring that the elastic energy stored in the specimen of step 2 be
identical to the one produced in the specimen of step 1.
According as kinematically or statically uniform boundary conditions are prescribed on the surface of the
spherical specimen, we obtain from the above modiﬁed GSCM the moduli j(1) and l(1) corresponding to
the kinematical apparent bulk modulus j(d) and shear modulus l(d) or to the static apparent bulk modulus j(s)
and shear modulus l(s). Applying the classical minimum potential and complementary energy principles of lin-
ear elasticity, we can in general infer that j(s) 6 j* 6 j(d) and l(s) 6 l* 6 l(d). In fact, it will be precisely shown
in this paper that
(i) j(s) = j(d) = j* regardless of br = Rn+1/Rn which is characteristic of the size of the specimen relative
to the inclusion (or layered inclusion);
(ii) the diﬀerence l(d)  l(s) is generally diﬀerent from zero unless br! +1;
(iii) the diﬀerence l(d)  l(s) decreases in general quickly as br increases, even thought the phase stiﬀness
contrast is very large.
In view of the ﬁrst two results, it is natural to estimate the minimum RVE size such thatlðdÞ  lðsÞ
l
6 ; ð1Þwhere  characterizes the desired degree of accuracy. As will be shown, the minimum RVE size can be esti-
mated by (1) in a closed form and for any phase stiﬀness contrast, since l(d) and l(s) can be analytically
and explicitly calculated by the modiﬁed GSCM and l* is directly given by the usual GSCM. This is remark-
able and would constitute an advantage over the relevant numerical studies cited before.
In addition, it is useful and interesting to remark that the modiﬁed GSCM proposed in this work builds a
bridge between the composite sphere assemblage model (CSAM) of Hashin (1962) and the GSCM of Chris-
tensen and Lo (1979) or Herve´ and Zaoui (1993). Indeed, when Rn+1 is taken equal to Rn, CSAM is recovered
and the corresponding kinematical and static shear moduli l(d) and l(s) reduce to the upper bound l+ or lower
bound l provided by Hashin (1962). If Rn+1! +1, the modiﬁed GSCM gives rise to the GSCM of Chris-
tensen and Lo (1979) or Herve´ and Zaoui (1993), and l(d) and l(s) coincide with l*. We can summarize these
facts by writing a chain of inequalities:l 6 lðsÞ 6 l 6 lðdÞ 6 lþ ð2Þ
in which l(s) increases from l to l* and l
(d) decreases from l+ to l* when br varies increasingly from 1 to
+1.
The paper is organized as follows. Computations of the apparent bulk and shear moduli j(1) and l(1) are
made in Section 2 where the fact j(s) = j(d) = j* is conﬁrmed and l(1) is expressed as the real positive root
of a third-order polynomial equation. In Section 3, the minimum RVE size is determined and discussed in
detail for a two-phase material.
2. Generalized self-consistent estimation of the apparent bulk and shear moduli
The composite under investigation consists of n (P2) linearly elastic homogeneous isotropic phases which
are perfectly bonded together at interfaces. The bulk and shear moduli of phase i (= 1,2, . . . ,n) are designated
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(ii) the other phases can be suitably modeled as layered inclusions; (iii) the composite is macroscopically iso-
tropic. To analytically and explicitly estimate the eﬀects of the size and boundary conditions of a specimen on
its apparent elastic properties, we modify GSCM as described in Section 1. Precisely, the resulting microme-
chanical model is diﬀerent from the GSCM of Christensen and Lo (1979) or Herve´ and Zaoui (1993) in that
the spherical shell surrounding the n-layered inclusion has a ﬁnite outer radius Rn+1 and is made of a linearly
elastic homogeneous isotropic material whose bulk and shear moduli, j(1) and l(1), depend both on the ratio
br = Rn+1/Rn and on the type of uniform boundary conditions imposed on the outer surface at r = Rn+1
(Fig. 1).
2.1. Energy consistency condition
The determination of the kinematical apparent moduli j(d) and l(d) and of the static ones j(s) and l(s) will be
based on the same energy consistency condition as used by Christensen and Lo (1979).
According to a formula due to Eshelby (1951), the energy U of the spherical specimen containing an n-
layered inclusion (Fig. 1) is given as follows:
• when a kinematical uniform boundary condition is prescribed,U ¼ U 0  1
2
Z
Sn
ðtð0Þ  n t  nð0ÞÞdS; ð3Þ• when a static uniform boundary condition is imposed,U ¼ U 0 þ 1
2
Z
Sn
ðtð0Þ  n t  nð0ÞÞdS: ð4ÞAbove, U0 is the energy stored in the specimen made only of the as-yet-unknown homogeneous isotropic elas-
tic material characterized by j(d) and l(d) if (3) is concerned, and by j(s) and l(s) if (4) is considered; t(0) and n(0)
are the stress and displacement vectors on the surface Sn of the specimen consisting of the corresponding
homogeneous material; t and n are the stress and displacement vectors on the surface Sn of the specimen with
an n-layered inclusion. The energy consistency condition which will be used to determine j(d) and l(d), or j(s)
and l(s), reads asU ¼ U 0: ð5Þ
In view of (3) and (4), the condition (5) amounts to the requirement thatZ
Sn
ðtð0Þ  n t  nð0ÞÞdS ¼ 0; ð6Þwhether a kinematical or static uniform boundary condition is under consideration.
2.2. Apparent bulk moduli
For our purpose, it is convenient to introduce a system of spherical coordinates {r,h,/} with the origin
coinciding with the center of the composite sphere and to use the corresponding spherical orthonormal basis
{er,eh,e/}. To calculate the kinematical and static apparent bulk moduli, j
(d) and j(s), we successively consider
the isotropic displacement boundary conditionn ¼ 1
3
e0Rnþ1er ð7Þand the isotropic traction boundary conditiont ¼ 1
3
r0er ð8Þ
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When (7) or (8) is prescribed, the problem has the spherical symmetry, owing to which the only non-zero
displacement component in phase i (= 1 to n + 1) is the radial one given by (see, e.g., Love, 1944)nðiÞr ðrÞ ¼ F ir þ
Gi
r2
; ð9Þwhere Fi and Gi are constants. The corresponding non-zero stress components are found to berðiÞrr ¼ 3jðiÞF i 
4lðiÞ
r3
Gi and r
ðiÞ
hh ¼ rðiÞ// ¼ 3jðiÞF i þ
2lðiÞ
r3
Gi: ð10ÞTo avoid singularity at the origin, G1 must vanish. The remaining constants are determined by the continuity
conditions across the interfaces and by the boundary condition at r = Rn+1.
The interface conditions result from the continuity of the radial stress rðkÞrr and displacement n
ðkÞ
r at r = Rk
between phases k and k + 1. These conditions can be written in the compact form (Herve´ and Zaoui, 1993):J ðkÞðRkÞvk ¼ J ðkþ1ÞðRkÞvkþ1; ð11Þ
where vk = (Fk,Gk)
T with k 2 [1,n] and J(k)(r) is the matrix deﬁned byJ ðkÞðrÞ ¼
r 1r2
3jðkÞ  4lðkÞr3
" #
: ð12ÞRecall that phase n + 1 is the as-yet-unknown medium characterized either by j(d) and l(d) or by j(s) and l(s).
The recurrent formula (11) together with (12) allows us to writevkþ1 ¼ QðkÞv1; ð13Þ
whereQðkÞ ¼
Yk
j¼1
N ðjÞðRjÞ with N ðjÞðRjÞ ¼ ½J ðjþ1ÞðRjÞ1J ðjÞðRjÞ: ð14ÞWhen the kinematic uniform boundary condition (7) is prescribed, we apply (9) and (13) to ﬁndF nþ1 ¼ QðnÞ11 F 1 ¼
h0
3
QðnÞ11 R
3
nþ1
QðnÞ11 R
3
nþ1 þ QðnÞ21
;
Gnþ1 ¼ QðnÞ21 F 1 ¼
h0
3
QðnÞ21 R
3
nþ1
QðnÞ11 R
3
nþ1 þ QðnÞ21
:
ð15ÞWhen the kinematically uniform boundary condition (8) is imposed, we use (10) and (13) to getF nþ1 ¼ QðnÞ11 F 1 ¼
r0
3
QðnÞ11 R
3
nþ1
3jðsÞQðnÞ11 R
3
nþ1  4lðsÞQðnÞ21
;
Gnþ1 ¼ QðnÞ21 F 1 ¼
r0
3
QðnÞ21 R
3
nþ1
3jðsÞQðnÞ11 R
3
nþ1  4lðsÞQðnÞ21
:
ð16ÞTo determine j(d) and j(s), we use the energy consistency condition (6) which reduces toZ
Sn
ðrð0Þrr nr  rrrnð0Þr ÞdS ¼ 0 ð17Þfor the case under consideration. When the boundary condition (7) is concerned, nð0Þr and r
ð0Þ
rr are given bynð0Þr ¼
1
3
e0r and rð0Þrr ¼ jðdÞe0 ð18Þ
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Gnþ1
R2n
;
rrrðRnÞ ¼ rðnþ1Þrr ðRnÞ ¼ 3jðdÞF nþ1 
4lðdÞ
R3n
Gnþ1;
ð19Þwhere use is made of the formulae (9) and (10) and Fn+1 and Gn+1 are expressed by (15). When the boundary
condition (8) is considered, nð0Þr and r
ð0Þ
rr have the expressionsnð0Þr ¼ r
r0
9jðsÞ
; rð0Þrr ¼
r0
3
; ð20Þand nr(Rn) and rrr(Rn) are given bynrðRnÞ ¼ nðnþ1Þr ðRnÞ ¼ F nþ1Rn þ
Gnþ1
R2n
;
rrrðRnÞ ¼ rðnþ1Þrr ¼ 3jðsÞF nþ1 
4lðsÞ
R3n
Gnþ1;
ð21Þwhere Fn+1 and Gn+1 are provided by (16). Introducing (18), (19), or (20), (21), into (17) yields Gn+1 = 0 which,
in view of (15) and (16), is equivalent toQðnÞ21 ¼ 0: ð22Þ
Together with the deﬁnition (14) of Q(n), the condition (22) allows us to determine j(d) and j(s) as follows:jðsÞ ¼ jðdÞ ¼ j ¼ 1
3
3jðnÞQðn1Þ11 R
3
n  4lðnÞQðn1Þ21
Qðn1Þ11 R
3
n þ Qðn1Þ21
: ð23ÞThis shows that the static and kinematic apparent bulk moduli j(d) and j(s) coincide and are identical to the
bulk modulus j* given by Herve´ and Zaoui (1993) and reduce to the one provided by the CSAM of Hashin
(1962) or the GSCM of Christensen and Lo (1979) in the case of two-phase materials. Thus, we see that the
size ratio br = Rn+1/Rn and the type of uniform boundary conditions imposed on the outer surface at r = Rn+1
(Fig. 1) have no eﬀects on the estimation of the overall bulk modulus.
Note that, in the simple case where the number of phases is equal to two, the static and kinematic apparent
bulk moduli j(d) and j(s) given by (23) are identical to the lower or upper bound of Hashin-Shtrikman on the
eﬀective bulk modulus, provided (j(1)  j(2))(l(1)  l(2))P 0. These bounds can be realized by a microstruc-
ture such as the composite sphere assemblage of Hashin (1962). Thus, as an estimation, (23) appears physically
meaningful, at least for a two-phase composite.
2.3. Apparent shear moduli
To determine the kinematical and static apparent shear moduli, l(d) and l(s), we consider the specimen in
Fig. 1 and successively impose the uniform shear strain boundary conditionn ¼ c0rpðh;/Þ ð24Þ
and the uniform shear stress boundary conditiontðxÞ ¼ s0pðh;/Þ ð25Þ
on Sn+1. In (24) and (25), c0 and s0 are two constants and the vector function p(h,/) is given bypðh;/Þ ¼ sin2 h cos 2/er þ sin h cos h cos 2/eh  sin h sin 2/e/: ð26Þ
Under the loading (24) or (25), the resulting displacement ﬁeld n(i) in phase i takes the form (see, e.g., Love,
1944; Christensen and Lo, 1979):nðiÞðxÞ ¼ NðiÞr ðrÞprðh;/Þer þ NðiÞh ðrÞphðh;/Þeh  NðiÞ/ ðrÞp/ðh;/Þe/; ð27Þ
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ðiÞ
h and N
ðiÞ
/ are speciﬁed byNðiÞr ¼ Air  6
mðiÞ
1 2mðiÞ Bir
3 þ 3Ci
r4
þ 5 4m
ðiÞ
1 2mðiÞ
Di
r2
;
NðiÞh ¼ Air 
7 4mðiÞ
1 2mðiÞ Bir
3  2Ci
r4
þ 2Di
r2
;
NðiÞ/ ¼ NðiÞh
ð28Þwith Ai, Bi, Ci and Di (i = 1 to n + 1) being constants. The corresponding non-zero stress components are gi-
ven byrðiÞrr ðr; h;/Þ ¼ 2lðiÞprðh;/Þ ðiÞr ðrÞ;
rðiÞrh ðr; h;/Þ ¼ 2lðiÞphðh;/Þ ðiÞh ðrÞ;
rðiÞr/ðr; h;/Þ ¼ 2lðiÞp/ðh;/Þ ðiÞ/ ðrÞ;
ð29Þwhere ðiÞr ðrÞ ¼ Ai þ
3mðiÞ
1 2mðiÞ Bir
2  12Ci
r5
 2 5 m
ðiÞ
1 2mðkÞ
Di
r3
;

ðiÞ
h ðrÞ ¼  ðiÞ/ ðrÞ ¼ Ai 
7þ 2mðiÞ
1 2mðiÞ Bir
2 þ 8Ci
r5
þ 2 1þ m
ðiÞ
1 2mðiÞ
Di
r3
:
ð30ÞThe coeﬃcients C1 and D1 have to be zero in order to avoid singularity at the origin r = 0. The other constants
are determined by the displacement and stress continuity conditions at r = Rk (k = 1 to n) and by the bound-
ary condition (24) or (25).
More precisely, the displacement and stress continuity across each interface requires thatnðkÞðRkÞ ¼ nðkþ1ÞðRkÞ and rðkÞðRkÞer ¼ rðkþ1ÞðRkÞer ð31Þ
for k = 1 to n. Using (27)–(29) in (31) and noting that NðkÞ/ ¼ NðkÞh and  ðkÞh ðrÞ ¼  ðkÞ/ ðrÞ, only four of the 6
continuity conditions in (31) are independent for each k. These four independent conditions can be generally
written in the following recurrent matrix form (Herve´ and Zaoui, 1993):wkþ1 ¼M ðkÞwk with M ðkÞ ¼ ðLðkþ1ÞðRkÞÞ1LðkÞðRkÞ; ð32Þ
where wk = (Ak,Bk,Ck,Dk)
T and L(k)(r) is given byLðkÞðrÞ ¼
r  6m
ðkÞ
1 2mðkÞ r
3 3
r4
5 4mðkÞ
1 2mðkÞ
1
r2
r  7 4m
ðkÞ
1 2mðkÞ r
3  2
r4
2
r2
lðkÞ
3mðkÞ
1 2mðkÞ l
ðkÞr2  12
r5
lðkÞ 2 m
ðkÞ  5
12mðkÞ
lðkÞ
r3
lðkÞ  7þ 2m
ðkÞ
1 2mðkÞ l
ðkÞr2
8
r5
lðkÞ 2
1þ mðkÞ
1 2mðkÞ
lðkÞ
r3
2
666666666664
3
777777777775
: ð33ÞIt follows from the formula (32) thatwkþ1 ¼ PðkÞw1 ð34Þ
withPðkÞ ¼
Yk
j¼1
M ðjÞðRjÞ: ð35Þ
2232 V. Pense´e, Q.-C. He / International Journal of Solids and Structures 44 (2007) 2225–2243If the boundary condition (24) is imposed on Sn+1, in view of (27) the following relations must be veriﬁed:c0Rnþ1 ¼ Nðnþ1Þr ðRnþ1Þ; c0Rnþ1 ¼ Nðnþ1Þh ðRnþ1Þ; ð36Þwhere Nðnþ1Þr ðRnþ1Þ and Nðnþ1Þh ðRnþ1Þ are given by (28) with i = n + 1, r = Rn+1 and m(n+1) = m(d). Next, if the
boundary condition (25) is prescribed on Sn+1, the following relations must hold:s0 ¼ 2lðsÞ ðnþ1Þr ðRnþ1Þ; s0 ¼ 2lðsÞ ðnþ1Þh ðRnþ1Þ; ð37Þwhere  ðnþ1Þr ðRnþ1Þ and  ðnþ1Þh ðRnþ1Þ are given by (30) with i = n + 1, r = Rn+1 and m(n+1) = m(s). Using (34) and
(35), we can express An+1, Bn+1, Cn+1 and Dn+1 in terms of A1, B1. Substituting the resulting expressions into
(36) and (37) yieldsw1 ¼ -
ð1Þ
Kð1Þ11K
ð1Þ
22  Kð1Þ12Kð1Þ21
Kð1Þ22  Kð1Þ12 ;Kð1Þ11  Kð1Þ21 ; 0; 0
 T
: ð38ÞThe expressions of Kð1Þij with 1 = d and 1 = d are provided in Appendix A, -
(d) = c0Rn+1 and -
(s) = s0/2l
(s). At
this stage, the displacement and stress ﬁelds in each phase are explicitly known.
The next step is to calculate the apparent shear moduli l(d) and l(s) using the energy consistency condition
(6). The components of the displacement vector n and stress vector t on the surface Sn are given by (27)–(30)
with r = Rn, i = n + 1, m
(n+1) = m(d) or m(n+1) = m(s). According as the uniform boundary condition (24) or (25) is
concerned, we have eithernð0Þ ¼ c0rpðh;/Þ; tð0Þ ¼ 2lðdÞc0pðh;/Þ ð39Þornð0Þ ¼ s0
2lðsÞ
rpðh;/Þ; tð0Þ ¼ s0pðh;/Þ: ð40ÞIn both the kinematical and static approaches, the energy consistency condition (6) leads ﬁnally toDnþ1 ¼ 0: ð41Þ
By (34), (35) and (38), the condition (41) can be written asðKð1Þ22  Kð1Þ12 ÞP ðnÞ41 þ ðKð1Þ11  Kð1Þ21 ÞP ðnÞ42 ¼ 0: ð42Þ
Substituting the expressions of Kð1Þij provided in Appendix A into (42) and invoking the deﬁnition (35) of P, a
lengthy computation gives the equation characterizing l(1) (see Appendix B for more details):að1Þ1 l
ð1Þ3 þ að1Þ2 lð1Þ2 þ að1Þ3 lð1Þ þ að1Þ4 ¼ 0; ð43Þwhere the coeﬃcients að1Þi are deﬁned either byaðdÞ1 ¼ 34a1 1þ
1
b7r
 !
;
aðdÞ2 ¼ 12a1j þ 34b1lðnÞ þ
b2
b7r
;
aðdÞ3 ¼ 12b1j þ 34c1lðnÞ þ
c2
b7r
 !
lðnÞ;
aðdÞ4 ¼ 12c1 1
1
b7r
 !
jlðnÞ2;
ð44Þ
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1
b7r
 !
;
aðsÞ2 ¼ 57a1j þ 4b1lðnÞ  4
b2
b7r
;
aðsÞ3 ¼ 57b1j þ 4c1lðnÞ  4
c2
b7r
 !
lðnÞ;
aðsÞ4 ¼ c1 57þ
48
b7r
 !
jlðnÞ2:
ð45ÞIn (44) and (45), j* is given by (23) and the constants a1, bi and ci are speciﬁed in Appendix B. In view of the
complexity of the expressions of að1Þi , it is very diﬃcult to analytically prove that the conditions ji > 0 and
li > 0 imply that equation (43) has only one strictly positive root. However, according to the numerical tests
performed for two-phase materials, Eq. (43) possesses three real roots of which only one is strictly positive.
It is clear from (43)–(45) that the apparent shear modulus l(1) of a specimen depends on the relative size
ratio br = Rn+1/Rn and on the type of the imposed uniform boundary conditions. For a given relative size ratio
br, the application of the classical minimum potential and complementary energy principles of linear elasticity
allows us to conclude thatlðsÞ 6 lðdÞ: ð46Þ
When Rn+1!1, so that br!1, it is shown in Appendix C that Eq. (43) reduces to the quadratic equation
(see Eq. (C.1)) given by Herve´ and Zaoui (1993) and that l(s) = l(d) = l* with l* being the positive root of the
quadratic equation and is given by (C.2). From Appendix B (in particular, Eq. (B.1)) and Appendix C, it is
seen that the equation associated to the case Rn+1!1 cannot be simplify obtained by putting að1Þ1 ¼ 0 in
(43). When Rn+1! Rn, so that br! 1, l(s) and l(d) approach the respective lower and upper bounds, l
and l+, which correspond, in the case of a two-phase composite, to those given by Hashin (1962). In a general
way, we can write the chain of inequalities (2).
3. Estimation of the minimum RVE size for a two-phase composite
This section aims at estimating the minimum RVE size for two-phase materials consisting of a linearly elas-
tic isotropic matrix reinforced by inclusions or weakened by pores. To achieve this objective, we apply the
results of the last section to the case of two-phase materials and make use of the criterion (1) proposed in Sec-
tion 1.
3.1. Apparent bulk and shear moduli for two-phase materials
Let us designate the matrix and inclusion phases as phases 1 and 2, respectively, the volume fraction of
phase 1 being f1 ¼ R31=R32 (see Fig. 2). For our purpose, it is convenient to introduce the parameter g =
l(1)/l(2) characterizing the contrast between the phase shear moduli.
Putting n = 2 in (23), we obtain the eﬀective bulk modulus in the explicit form:j ¼ 2
3
lð2Þ
2c1ð1 f1Þ þ gð1þ mð1ÞÞð1þ mð2Þ þ 2ð1 2mð2ÞÞf1Þ
2ð1 2mð1ÞÞð1 2mð2ÞÞ þ c1f1 þ gc2ð1 f1Þ
ð47Þwith c1 = (1 + m
(2))(1  2m(1)) and c2 = (1 + m(1))(1  2m(2)). Setting n = 2 in (43)–(45), the apparent kinematical
and static shear moduli are characterized by the third-order equationað1Þ1
lð1Þ
lð2Þ
 3
þ að1Þ2
lð1Þ
lð2Þ
 2
þ að1Þ3
lð1Þ
lð2Þ
 
þ að1Þ4 ¼ 0; ð48Þ
R1
R2
R3
Phase 1
Phase 2
κ(ς) , µ(ς)
Fig. 2. Microstructure model for a two-phase composite.
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tions have been carried out to conﬁrm that, under the condition that ji > 0 and li > 0, the cubic Eq. (48) has
three real roots of which only one is positive. In view of this fact, we assume that (48) possesses only one po-
sitive root and calculate this positive root by a well-known formula:lð1Þ
lð2Þ
¼ #
ð1Þ
1
3
þ 2ð.ð1ÞÞ1=3 cos 2
3
pþ xð1Þ
 
ð49Þwith#
ð1Þ
i ¼ að1Þiþ1=að1Þ1 ;
p ¼ #ð1Þ2 
#
ð1Þ2
1
3
; q ¼ 2
27
#
ð1Þ3
1 
1
3
#
ð1Þ
1 #
ð1Þ
2 þ #ð1Þ3 ;
.ð1Þ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃ
p3
27
r
; xð1Þ ¼ 1
3
cos1  q
2.ð1Þ
 
;
ð50Þunder the condition that að1Þ1 6¼ 0:
Fig. 3 depicts the evolution of the apparent shear moduli l(d) and l(s) with br for m
(1) = 0.1, m(2) = 0.4,
g = 100 and f1 = 0.5. The chain of inequalities (2) is clearly veriﬁed. Moreover, it is seen that the apparent
shear moduli converge quickly toward l*. This evolution of the apparent shear moduli allows us to deﬁne
the minimum RVE size by (1). In what follows, we characterize the minimum RVE size for two-phases
materials.
3.2. Minimum RVE size
The minimum size of an RVE is deﬁned by the minimum value of br, noted as b
min
r , for whichlðdÞ  lðsÞ
l
¼ r
ðdÞ
l  rðsÞl
rl
6 ; ð51Þwhere rð1Þl ¼ lð1Þ=lð2Þ (1 = s or d), rl ¼ l=lð2Þ and l* denotes the overall shear modulus corresponding to
br!1 and is given by (C.2).
The coeﬃcients að1Þi in (48) are function of m
(1), m(2), f1, br and g. Consequently, the minimum size of an RVE
depends only on the four dimensionless material and geometrical parameters m(1), m(2), f1 and g. In particular, in
+ /
r
( ) /
(d) /
(s) /
1 1.2 1.4 1.6 1.8 2.0
0.5
0.7
0.9
1.1
1.3
μ
μ
μ
μ
β
μ
μ
−
/μμ
μ
μ
Fig. 3. Evolution of l(1)/l* with br for m
(1) = 0.1, m(2) = 0.4, g = 100 and f1 = 0.5.
V. Pense´e, Q.-C. He / International Journal of Solids and Structures 44 (2007) 2225–2243 2235the cases of porous material (g = 0) and rigid inclusions (g!1), the minimum RVE size is conditioned only
by the matrix poisson’s ratio and the volume fraction of inclusions or pores. A similar conclusion was reached
by Drugan and Willis (1996) using another approach.
According to our micromechanical model, the characteristic size L of a specimen corresponds to 2R3 while
the characteristic size d of heterogeneities is equal to 2R1 (Fig. 2). Thus, in agreement with (51), the minimum
characteristic size Lmin of an RVE is such that the ratio Lmin/d is related to bminr byLmin
d
¼ R
min
3
R1
¼ R
min
3
R2
R2
R1
¼ b
min
rﬃﬃﬃﬃ
f13
p : ð52ÞNext, the minimum RVE size is required to be compatible with the value of the volume fraction of inclusions.
For the microstructure model considered (Fig. 2), (R1/R2)
3 = f1 and b
min
r ¼ Rmin3 =R2 P 1, so that Lmin=d ¼
Rmin3 =R1 must be such thatLmin
d
P
1ﬃﬃﬃﬃ
f13
p : ð53ÞFinally, the minimum RVE size is given byLmin
d
¼ max 1ﬃﬃﬃﬃ
f13
p ; b
min
rﬃﬃﬃﬃ
f13
p
( )
ð54Þwith bminr being determined by (51).
Next, we study successively the parameters m(1), m(2), g and f1 aﬀecting the minimum RVE to deduce the typ-
ical size of the latter.
3.2.1. Identical bulk modulus case
To reduce the number of material parameters on which the minimum RVE size depends, in the case of ﬁnite
shear modulus contrast, we consider only composites whose matrix and inclusion phases have the same bulk
modulus, i.e., j(1) = j(2). This condition impliesmð1Þ ¼ 1þ m
ð2Þ  gð1 2mð2ÞÞ
2ð1þ mð2ÞÞ þ gð1 2mð2ÞÞ : ð55ÞThus, the minimum RVE size depends only on m(2), f1 and g.
First, we analyse the inﬂuence of the contrast g between the phase shear moduli on the minimum RVE size
for a composite material with f1 = 0.5. Fig. 4 represents the minimum RVE size, characterized by the ratio
Fig. 4. Inﬂuence of the contrast g between the phase shear moduli on the minimum RVE size for m(2) = 0.2, m(2) = 0.4,  = 1% and f1 = 0.5.
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sidered (m(2) = 0.2 and m(2) = 0.4). For both, Fig. 4 shows that Lmin/d converges to two asymptotes correspond-
ing respectively to small and large values of g. Consequently, if the maximum of these two asymptotic values is
adopted, the macroscopic shear modulus is estimated with an error lower than  for all values of g. This max-
imum depends on the volume fraction of inclusion f1 and on the matrix Poisson’s ratio m
(2), and is obtained for
a small or large value of g according to the value of m(2). In particular, Fig. 4 indicates that for m(2) = 0.2 and
f1 = 0.5, the maximum of L
min/d is given for a small value of g and is approximatively equal to 2.3. For
m(2) = 0.4 and f1 = 0.5, the maximum of L
min/d is associated to a large value of g and is approximatively equal
to 2.4. Moreover, it should be noted that the minimum of Lmin/d corresponds to g close to 1, i.e., l(1)  l(2). In
this situation, the minimum RVE size is determined by Lmin=d ¼ 1= ﬃﬃﬃﬃf13p .
Fig. 5 illustrates the eﬀect of the matrix Poisson’s ratio m(2) on the minimum RVE size. The volume fraction
of inclusion is f1 = 0.5; two values of the contrast between the phase shear moduli are considered: a small one
(g = 0.01) and a large one (g = 100). For m(2) between 1 and 0.4, Lmin/d obtained for g = 0.01 is greater than
the one obtained for g = 100. For m(2) 2 [0.4,0.5[, the latter is larger than the former.
In Fig. 6, the evolution of the minimum RVE size with f1 is represented for  = 1%, g = 0.01 and g = 100.
Two values of the matrix Poisson’s ratios are considered m(2) = 0.2 (Fig. 6a) and m(2) = 0.4 (Fig. 6b). Obtained
results are compared with Lmin=d ¼ 1= ﬃﬃﬃﬃf13p (corresponding to bminr ¼ 1). From the four cases studied, the fol-
lowing conclusions can be drawn:
• the evolution of Lmin/d is continuously decreasing when f1 increases;
• for the low values of f1 (lower than ’0.04), Lmin=d ¼ 1=
ﬃﬃﬃﬃ
f13
p
;
• when f1! 1, Lmin/d! 1;
• for m(2) = 0.2, the values of Lmin/d obtained for g = 0.01 are greater than the ones obtained for g = 100;
• for m(2) = 0.4 and f1 between 0 and 0.65, the values of Lmin/d obtained for g = 0.01 are smaller than the ones
obtained for g = 100. This conclusion is inverted for f1 > 0.65.Fig. 5. Inﬂuence of the matrix Poisson’s ratio m(2) on the minimum RVE size for g = 0.01, g = 100,  = 1% and f1 = 0.5.
Fig. 6. Evolution of the minimum RVE size with the inclusion volume fraction f1 for  = 1%, g = 0.01, g = 100, (a) m
(2) = 0.2 and (b)
m(2) = 0.4.
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In this paragraph, we study the two cases where the contrast between the phase shear moduli is inﬁnite: (i)
inclusions correspond to pores (g = 0); (ii) inclusions are rigid g =1. Recall that, in these two extreme cases,
Lmin/d depends only on m(2) and f1.
First, for both cases and for  = 1%, Fig. 7 shows the inﬂuence of the matrix Poisson’s ratio m(2) on the min-
imum RVE size with f1 = 0.5. For m
(2) between 1 and 0.4, it is seen that Lmin/d for the composite with rigid
inclusions is lower than Lmin/d for the porous material. For m(2) 2 [0.4,0.5[, this result is inverted.
The evolution of the minimum RVE size with f1 is given by Fig. 8. Two values of the matrix Poisson’s ratio
are considered: m(2) = 0.2 (Fig. 8a) and m(2) = 0.4 (Fig. 8b). These ﬁgures show that when f1 is smaller than
approximatively 0.03, the minimum RVE size is deﬁned by Lmin=d ¼ 1= ﬃﬃﬃﬃf13p . For the four cases, the minimum
RVE size decreases continuously when f1 increases. For m
(2) = 0.2, the minimum RVE size for the porous
material is greater than the one for the material with rigid inclusions. For m(2) = 0.4, we arrive at the same con-
clusion when f1 is less than 0.5 and the result is inverted when f1 2 ]0.5,1[.
3.2.3. Comparison with numerical experiments
Finally, let us compare the foregoing theoretical predictions with 3D numerical experiments due to
Guidoum (1994) (see also Huet, 1999). These experiments have been carried out for concretes modeled as par-
ticle-reinforced composites. The phase elastic properties are E(1) = 60 GPa, m(1) = 0.18, E(2) = 20 GPa and
m(2) = 0.22. The volume fraction of inclusions is f1 = 0.39 and the maximal inclusion diameter is 60 mm.
The minimum RVE size is determined by analysing the convergence of the moduli Cð1Þ1111 ¼ kð1Þ þ 2lð1Þ. It
is shown that the minimum RVE corresponds to a cube of 170 mm wedge length. This means thatFig. 7. Inﬂuence of the matrix Poisson’s ratio m(2) on the minimum RVE size for g = 0 (porous material) and g =1 (rigid inclusion),
 = 1% and f1 = 0.5.
Fig. 8. Evolution of the minimum RVE size with f1 for g = 0 (porous material) and g =1 (rigid inclusion) and for (a) m(2) = 0.2, (b)
m(2) = 0.4,  = 1% and f1 = 0.5.
2238 V. Pense´e, Q.-C. He / International Journal of Solids and Structures 44 (2007) 2225–2243Lmin/d = 2.83 or bminr ¼ 2:07. Applying our model with this value of bminr , we obtain DC1111 ¼ CðdÞ1111
CðsÞ1111 ¼ 6:15 MPa, which corresponds to an error of 0.2% relative to the determination of C1111. For some
additional numerical results, the reader can refer to Bornert (1996, p. 293).4. Conclusion and ﬁnal remarks
The classical GSCM has been extended to estimating the apparent isotropic elastic moduli of heterogeneous
media consisting of layered elastic isotropic inclusions (or pores) embedded in an elastic homogeneous isotro-
pic matrix. The estimated kinematical and static apparent bulk moduli coincide and are independent of the
relative size parameter br. At the same time, the estimated kinematical and static apparent shear moduli
are diﬀerent and depend on br. The extended version of GSCM proposed in this work has bridged the classical
CSAM of Hashin (1962) and the classical GSCM of Christensen and Lo (1979), when br varies from 1 to +1.
Moreover, requiring that the normalized distance between the kinematical and static apparent shear moduli be
less than a prescribed tolerance, the extended version of GSCM has allowed us to obtain an analytical estimate
for the minimum RVE size, which turns out to be in good agreement with existing relevant numerical
estimates.
It has been recognized that the classical version of GSCM yields accurate predictions for the eﬀective mod-
uli of isotropic particulate composites, even in the extreme cases (i.e., voids and rigid inclusions), and gives the
correct asymptotic behavior of composites as the inclusion volume fraction approaches 1 (see, e.g., Christen-
sen, 1990, 1998). Starting from this fact, the extended version of GSCM presented in the present work is
expected to behave in the same way for the apparent moduli of particulate composites. However, a deﬁnitive
conclusion can be drawn only after a forthcoming comparison of our results with experimental and ﬁnite ele-
ment results.
In mechanical engineering, civil engineering and materials sciences, situations are frequently encountered in
which specimens are smaller than an RVE. In these cases, the results from the present study are directly useful
for estimating the apparent elastic moduli of particulate composite specimens. In addition, the analytical
method and results concerning the minimum RVE size allow us to estimate simply the eﬀects of size and
boundary conditions. Finally, our method and results may have applications in numerical hierarchical mod-
elling of heterogeneous bodies (see, e.g., Zohdi et al., 1996).
The extended version of GSCM proposed in the present work is limited to isotropic composites made of
isotropic phases. However, a wide class of isotropic composites of technological importance consist of aniso-
tropic phases. An example is a spherulitic polymer which can be modeled as an assemblage of spheres of dif-
ferent sizes exhibiting local radial transverse isotropy. When the phases of an isotropic particulate composite
V. Pense´e, Q.-C. He / International Journal of Solids and Structures 44 (2007) 2225–2243 2239exhibit spherical or cylindrical anisotropies (see, e.g., He and Benveniste, 2004; Le Quang and He, 2004; He
and Pense´e, 2005), the results of the present work can be further extended.
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Appendix A. Expressions for the coeﬃcients Kð1Þij
When kinematic uniform boundary conditions are considered, the coeﬃcients KðdÞij (i, j = 1, 2) occurring in
(38) are deﬁned byKðdÞ11 ¼ P ðnÞ11 Rnþ1  6
mðdÞ
1 2mðdÞ P
ðnÞ
21 R
3
nþ1 þ 3
P ðnÞ31
R4nþ1
þ 5 4m
ðdÞ
1 2mðdÞ
P ðnÞ41
R2nþ1
; ðA:1Þ
KðdÞ12 ¼ P ðnÞ12 Rnþ1  6
mðdÞ
1 2mðdÞ P
ðnÞ
22 R
3
nþ1 þ 3
P ðnÞ32
R4nþ1
þ 5 4m
ðdÞ
1 2mðdÞ
P ðnÞ42
R2nþ1
; ðA:2Þ
KðdÞ21 ¼ P ðnÞ11 Rnþ1 
7 4mðdÞ
1 2mðdÞ P
ðnÞ
21 R
3
nþ1  2
P ðnÞ31
R4nþ1
þ 2 P
ðnÞ
41
R2nþ1
; ðA:3Þ
KðdÞ22 ¼ P ðnÞ12 Rnþ1 
7 4mðdÞ
1 2mðdÞ P
ðnÞ
22 R
3
nþ1  2
P ðnÞ32
R4nþ1
þ 2 P
ðnÞ
42
R2nþ1
: ðA:4ÞFor imposed static uniform boundary conditions, we obtainKðsÞ11 ¼ P ðnÞ11 þ
3mðsÞ
1 2mðdÞ P
ðnÞ
21 R
2
nþ1  12
P ðnÞ31
R5nþ1
 2 5 m
ðsÞ
1 2mðsÞ
P ðnÞ41
R3nþ1
; ðA:5Þ
KðsÞ12 ¼ P ðnÞ12 þ
3mðsÞ
1 2mðsÞ P
ðnÞ
22 R
2
nþ1  12
P ðnÞ32
R5nþ1
 2 5 m
ðsÞ
1 2mðsÞ
P ðnÞ42
R3nþ1
; ðA:6Þ
KðsÞ21 ¼ P ðnÞ11 
7þ 2mðsÞ
1 2mðsÞ P
ðnÞ
21 R
2
nþ1 þ 8
P ðnÞ31
R5nþ1
þ 2 1þ m
ðsÞ
1 2mðsÞ
P ðnÞ41
R3nþ1
; ðA:7Þ
KðsÞ22 ¼ P ðnÞ12 
7þ 2mðsÞ
1 2mðsÞ P
ðnÞ
22 R
2
nþ1 þ 8
P ðnÞ32
R5nþ1
þ 2 1þ m
ðsÞ
1 2mðsÞ
P ðnÞ42
R3nþ1
: ðA:8ÞAppendix B. Derivation of (43) and expressions for the coeﬃcients a1, bi, ci (i = 1,2) in the general case
Eq. (42) could be rewritten asCð1Þ1 v
ð1Þ
1 
Cð1Þ2
R7nþ1
vð1Þ2 ¼ 0 ðB:1Þwhere vð1Þ1 ¼ P ðnÞ22 P ðnÞ41  P ðnÞ21 P ðnÞ42 and vð1Þ2 ¼ P ðnÞ32 P ðnÞ41  P ðnÞ31 P ðnÞ42 are function of l(1) andCðdÞ1 ¼
10mðdÞ  7
1 2mðdÞ ; C
ðdÞ
2 ¼ 5;
CðsÞ1 ¼
5mðsÞ þ 7
1 2mðsÞ ; C
ðsÞ
2 ¼ 20:
ðB:2Þ
2240 V. Pense´e, Q.-C. He / International Journal of Solids and Structures 44 (2007) 2225–2243Deﬁning the matrix K byK ¼
Yn1
j¼1
M ðjÞ ðB:3Þand introducingZrs ¼ Kr2Ks1  Kr1Ks2; ðB:4Þ
we havevð1Þ1 ¼
X4
r¼1
X4
s¼1
M ðnÞ2r M
ðnÞ
4s Zrs and v
ð1Þ
2 ¼
X4
r¼1
X4
s¼1
M ðnÞ3r M
ðnÞ
4s Zrs ðB:5Þwhich can be expressed asvð1Þ1 ¼
ð1 2mð1ÞÞ/ð1Þ
R7n
ða1lð1Þ2 þ b1lð1ÞlðnÞ þ c1lðnÞ2Þ; ðB:6Þ
vð1Þ2 ¼
/ð1Þ
10ð3j þ lð1ÞÞ ða1l
ð1Þ3 þ b2lð1Þ2 þ c2lð1ÞlðnÞ  12c1jlðnÞ2Þ; ðB:7Þwhere/ð1Þ ¼ ð1 2m
ð1ÞÞ
210ð1 mð1ÞÞ2ð1 2mðnÞÞ2lð1Þ2 : ðB:8ÞThe coeﬃcients a1, bi, ci (i = 1,2) appearing in (B.6), (B.7) and (44), (45) are given bya1 ¼ 4ð1 2mðnÞÞðZ12ð10mðnÞ  7ÞR10n þ 4Z34ð4 5mðnÞÞÞ  4wn þ 20Z24ð7 12mðnÞ þ 8mðnÞ2ÞR7n; ðB:9Þ
b1 ¼ ð1 2mðnÞÞð3Z12ð7 15mðnÞÞR10n  8Z34ð1 5mðnÞÞÞ þ 8wn þ 60Z24mðnÞðmðnÞ  3ÞR7n; ðB:10Þ
c1 ¼ ð1 2mðnÞÞðZ12ð5mðnÞ þ 7ÞR10n  8Z34ð7 5mðnÞÞÞ  4wn þ 10Z24ð7 mðnÞ2ÞR7n; ðB:11Þ
b2 ¼ ½ð1 2mðnÞÞð2Z12ð133þ 65mðnÞÞR10n þ 24Z34ð93 115mðnÞÞÞ  132wn þ 20Z24ð38mðnÞ2
þ 12mðnÞ þ 49ÞR7nlðnÞ þ
57
4
a1j; ðB:12Þ
c2 ¼ 3½ð1 2mðnÞÞðZ12ð161 170mðnÞÞR10n þ 2Z34ð261 255mðnÞÞÞ þ 3wn
þ 5Z24ð92mðnÞ2  150mðnÞ þ 49ÞR7nj  34c1lðnÞ ðB:13Þwith wn ¼ ð1 2mðnÞÞR3nð5ð1 2mðnÞÞZ13 þ 3R2nðZ14  7Z23ÞÞ and the coeﬃcients Zij given by (B.4). Finally, intro-
ducing (B.6) and (B.7) in (42), Eq. (43) is obtained.
Appendix C. Expression of l* when Rn+1! ‘
Note that vð1Þ1 , v
ð1Þ
2 , C
ð1Þ
1 and C
ð1Þ
2 in (B.1) are independent of Rn+1. If Rn+1!1, so that br!1, Eq. (B.1)
reduces to vð1Þ1 ¼ P ðnÞ22 P ðnÞ41  P ðnÞ21 P ðnÞ42 ¼ 0, equation identical to the one obtained by Herve´ and Zaoui (1993) (see
also Le Quang and He, submitted for publication), and both the kinematic and static uniform boundary con-
ditions give the same result. In this case, l* is the positive root of the quadratic equationa1lð1Þ2 þ b1lð1ÞlðnÞ þ c1lðnÞ2 ¼ 0 ðC:1Þ
and is speciﬁed byl ¼ lðsÞ ¼ lðdÞ ¼ lðnÞ
b1 þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b21  4a1c1
q
2a1
: ðC:2Þ
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In this appendix, we consider a two-phase composite as in Section 3. First, the expression of the bulk mod-
ulus is given in the particular cases of porous materials and rigid inclusions. Second, the coeﬃcients used to
determine the apparent shear moduli are speciﬁed.
D.1. Eﬀective bulk modulus
In the general case, the eﬀective bulk modulus is given by (47). Introducing g = 0 in (47), the eﬀective bulk
modulus for a porous material is given byj ¼ 4
3
lð2Þ
ð1þ mð2ÞÞð1 f1Þ
2ð1 2mð2ÞÞ þ ð1þ mð2Þf1Þ : ðD:1ÞIn the case of rigid inclusions, deﬁned by g!1, Eq. (47) leads toj ¼ 2
3
lð2Þ
1þ mð2Þ þ 2ð1 2mð2ÞÞf1
ð1 2mð2ÞÞð1 f1Þ : ðD:2ÞD.2. Apparent shear moduli
The coeﬃcients að1Þi occurring in (48) are speciﬁed byaðdÞ1 ¼ 34a1 1þ
1
b7r
 !
; aðsÞ1 ¼ 4a1 1
1
b7r
 !
;
aðdÞ2 ¼ 12a1aj þ 34b1 þ
b2
b7r
; aðsÞ2 ¼ 57a1aj þ 4b1  4
b2
b7r
;
aðdÞ3 ¼ 12b1aj þ 34c1 þ
c2
b7r
; aðsÞ3 ¼ 57b1aj þ 4c1  4
c2
b7r
;
aðdÞ4 ¼ 12c1 1
1
b7r
 !
aj; a
ðsÞ
4 ¼ c1 57þ
48
b7r
 !
aj;
ðD:3Þwhen the coeﬃcients a1, bi and ci given bya1 ¼ 4Xð2ð10mð2Þ  7Þh1h2 þ 126ðg 1Þh1q5  h4q7 þ ðg 1Þð2ð4 5mð2ÞÞh3q10
 25ð7 12mð2Þ þ 8mð2Þ2Þh1q3ÞÞ; ðD:4Þ
b1 ¼ 2Xð3ð15mð2Þ  7Þh1h2  504ðg 1Þh1q5 þ 4h4q7  2ðg 1Þðð1 5mð2ÞÞh3q10
þ 75mð2Þðmð2Þ  3Þh1q3ÞÞ; ðD:5Þ
c1 ¼ 2Xðð5mð2Þ þ 7Þh1h2 þ 252ðg 1Þh1q5  2h4q7  ðg 1Þð2ð7 5mð2ÞÞh3q10
þ 25ð7 mð2Þ2Þh1q3ÞÞ; ðD:6Þ
b2 ¼ 57
4
a1aj þ 4Xðð65mð2Þ þ 133Þh1h2 þ 4158ðg 1Þh1q5  33h4q7 þ ðg 1Þð3ð93 115mð2ÞÞh3q10
 25ð38mð2Þ2 þ 12mð2Þ þ 49Þh1q3ÞÞ; ðD:7Þ
c2 ¼ 34c1 þ Xajð2ð170mð2Þ  161Þh1h2  378ðg 1Þh1q5 þ 3h4q7 þ ðg 1Þðð261 255mð2ÞÞh3q10
 25ð92mð2Þ2  150mð2Þ þ 49Þh1q3ÞÞ: ðD:8Þ
In these expressions, use has been made of q = R1/R2, aj = j*/l(2) andX ¼ ð1 2m
ð2ÞÞ2R102
1050ð1 mð2ÞÞ2ð1 2mð1ÞÞ : ðD:9Þ
2242 V. Pense´e, Q.-C. He / International Journal of Solids and Structures 44 (2007) 2225–2243Finally, the coeﬃcients hi (i = 1,4) occurring in (D.4)–(D.8) are given
• in the general case byh1 ¼ 4ð7 10mð1ÞÞ þ gð7þ 5mð1ÞÞ;
h2 ¼ 7 5mð2Þ þ 2gð4 5mð2ÞÞ;
h3 ¼ 2ð7 10mð1ÞÞð7þ 5mð2ÞÞ þ 2gð7þ 5mð1ÞÞð7 10mð2ÞÞ;
h4 ¼ 63ðg 1Þh1 þ h2h3;
ðD:10Þ• for porous materials byh1 ¼ 4ð7 10mð1ÞÞ;
h2 ¼ 7 5mð2Þ;
h3 ¼ 2ð7 10mð1ÞÞð7þ 5mð2ÞÞ;
h4 ¼ 50ð7 10mð1ÞÞðmð2Þ2  7Þ;
ðD:11Þ• and in the rigid inclusion case byh1 ¼ 7þ 5mð1Þ;
h2 ¼ 2ð4 5mð2ÞÞ;
h3 ¼ 2ð7 10mð2ÞÞð7þ 5mð1ÞÞ;
h4 ¼ 25ð7þ 5mð1ÞÞð7 12mð2Þ þ 8mð2Þ2Þ:
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